We characterize additive rank-one preserving surjections on symmetric matrix spaces over a field of characteristic not 2 or 3. As applications, the invertibility preservers, the determinant preservers and characteristic polynomial preservers have been characterized.
Introduction
In the recent ten years, researching "linear preserver problems" has become an active topic in the matrix theory (see [1] [2] [3] ). From 1991, people began to research "additive preserver problems". An additive preserver is an additive operator acting on matrix spaces that leave certain subsets, relations, or function invariant (see [4] [5] [6] [7] [8] [9] ). Rank-one preserver is an important field. Omladič and Šemrl [5] characterized additive rank-one preserving surjections over complex matrices; Bell and Sourour [9] characterized additive rank-one preserving surjections on upper triangular matrices over a field. This paper tries to characterize additive rank-one preserving surjections on symmetric matrices over a field when the characteristic is not equal to 2 or 3 in Section 2. As applications, the invertibility preservers, the determinant preservers and characteristic polynomial preservers have been characterized in Section 3. The proof is different from those given in [5, 9] .
Suppose F is a field of characteristic not 2 or 3. F * denotes the non-zero multiplicative group over F. F n denotes the set of all n × 1 matrices over F, GL n (F) the set of n × n invertible matrices over F, M n (F) the set of all n × n matrices over F, S n (F) the set of n × n symmetric matrices over F. 
for any A, B ∈ S n (F), then f is called an additive mapping on S n (F). Let r(A) denote the rank of A, and = {A ∈ S n (F) | r(A) = 1}. The additive map f on S n (F ) is called additive rank-one preserver if f (A) ∈ for any A in . Let denote the set of all additive rank-one preserving surjections on S n (F). The purpose of this paper is to ascertain the structure of the elements of .
Main results
To ascertain the structure of the elements of , we need the following five lemmas.
Proof. The result can easily be proved.
Proof. We consider
Lemma 2.3. Suppose f is an additive rank-one preserver on S n (F). If there exist
Proof. With no loss of generality, we may assume
(1)
, then the conclusion has been proved; otherwise, applying Lemma 2.2,
Lemma 2.4. Suppose f is an additive rank-one preserver on S n (F). If there exists
Proof. Similar to the proof of (1), we have
If there exist some d ∈ F * and i, j
For any matrix A = (a ij ) ∈ S n (F), by (2) and (3), we have
Lemma 2.5. Suppose f ∈ . Then there exist P ∈ GL n (F) and c i ∈ F * such that
Proof. By f ∈ and Lemma 2.1, we may assume f (E ii ) = c i α i α T i for any i in [1, n] , where c i ∈ F * and α i is non-zero vector in F n . Let A = (α 1 , . . . , α n ) and α i 1 , α i 2 , . . . , α i k is a basis of the column space of A, where
where e s is the vector with 1 on the sth place and 0 elsewhere. Therefore,
. By Lemma 2.4, we obtain that
Since f is surjective, we have k = n and so i s = s for any s ∈ [1, n] . Using the equalities (4), we may complete the proof.
Based on the above lemmas, the structure of elements of can be characterized as follows.
Theorem 2.6. f ∈ if and only if there exist c ∈ F * , P ∈ GL n (F) and a field automorphism τ of F such that f (A) = cP A τ P T for any A = (a ij ) ∈ S n (F), where A τ = (τ (a ij )).
Proof. The "if" part is obvious. Now we prove the "only if" part. By Lemmas 2.3 and 2.5, we may assume
Obviously, σ k , k ∈ [1, n], are homomorphisms of additive group F and σ k (1) = c k ∈ F * . For any x ∈ F and i, j ∈ [1, n], i / = j , by r(xD ij ± E ii ± x 2 E jj ) = 1 and r(xD ij + 2E ii + 2 −1 x 2 E jj ) = 1, we obtain that f (xD ij ± E ii ± x 2 E jj ) ∈ and f (xD ij + 2E ii + 2 −1 x 2 E jj ) ∈ , by equality (5), we have
where
Especially, when i = 1 and x = 1, we have
By (5)- (7), we may assume
where c = σ 1 (1) −1 and
Using (8), we have τ j (
We substitute x by x ± 1 and we can obtain that τ j (x) = τ ij (x) = τ i (x), and τ ij (1) = 1. Let τ = τ 1 . Obviously
for any a, b ∈ F, τ is a field endomorphism of F. For any x ∈ F, equality (8) have the following form:
so f (A) = cP A τ P T for any A ∈ S n (F) and τ is a field automorphism.
Applications
Based on Theorem 2.6 obtained in Section 2, this section characterizes the invertibility preservers, the determinant preservers and characteristic polynomial preservers on S n (F).
Lemma 3.1. Suppose O / = A ∈ S n (F). Then A ∈ if and only if
We first prove the "if" part. We may assume r > 1 if
. This is a contradiction, so A ∈ . Now we prove the "only if" part. For any P ∈ S * n (F), det(P + λA) = p(λ) is a polynomial which is obviously of degree at most one. It is nonzero, since p(0) / = 0. Thus, either p(1) / = 0 or p(2) / = 0. Hence, the conclusion holds. Proof. The "if" part is obvious. Now we prove the "only if" part. For any A ∈ , by Lemma 3.1, we have A + P ∈ S * n (F) or 2A + P ∈ S * n (F), therefore, we have
Hence, f ∈ and the conclusion holds.
. Now the proof is completed. Proof. It is easy to prove by Theorem 3.2.
Corollary 3.4. f is an additive characteristic polynomial preserver on S n (F) if and only if f has the form of Corollary 3.3.
Proof. It is easy to prove it by Corollary 3.3. It is easy to see that f is an additive map on S 2 (F). But it is not a surjection. As
we have f ( ) ⊆ . But f does not satisfy f (S 2 (F)) ⊆ P S 1 P T .
Remark 3.6. The following example shows that the surjectivity assumption is essential in Theorem 2.6.
Suppose F = R, and f (X) = (trX)E 11 for any X ∈ S n (F). It is easy to see that f is an additive map on S n (F), and f ( ) ⊆ . In fact, if X ∈ , using Lemma 2.1, there exist some c ∈ F * , O / = x = (x 1 , . . . , x n ) T ∈ F n such that X = cxx T . It follows that
Hence f (X) = (tr X)E 11 ∈ . It is straightforward that f is not a surjection. f does not have the form of Theorem 2.6.
